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Abstract 



We establish the family rigidity and vanishing theorems on the equiv- 
, ariant A"-theory level for the Witten type operators on String c manifolds 

' introduced by Chen-Han-Zhang [3J. 



1 Introduction 



q 

t£h ! In [18J, Witten derived a series of elliptic operators on the free loop space 

CM of a spin manifold M. In particular, the index of the formal signature 
operator on loop space turns out to be exactly the elliptic genus constructed 
by Landweber-Stong [7J and Ochanine [16] in a topological way. Motivated 
by physics, Witten proposed that these elliptic operators should be rigid with 
respect to the circle action. 

This claim of Witten was first proved by Taubes p2] and Bott-Taubes [2]. 
Q\ | See also [5] and [6] for other interesting cases. By the modular invariance 

property, Liu (pUl E]) presented a simple and unified proof of the above result 
as well as various further generalizations. In particular, several new vanishing 
theorems were established in |1Q|. [Tl] . 

In a recent paper [3], Chen, Han and Zhang introduced a topological condi- 
tion which they called String c condition for even dimensional Spin c manifolds. 
Under this String c condition, they constructed a Witten type genus which is the 
index of a Witten type operator, a linear combination of twisted Spin c Dirac 
operators. Furthermore, by applying Liu's method in |10(. II lj . Chen-Han-Zhang 
established the rigidity and vanishing theorems for this Witten type operator 
under relevant anomaly cancelation condition (cf. (3j Theorem 3.2]). 

In many situations in geometry, it is rather natural and necessary to gener- 
alize the rigidity and vanishing theorems to the family case. On the equivariant 
Chern character level, Liu and Ma ([12, 13J) established several family rigid- 
ity and vanishing theorems. In |14|. 115] . inspired by [T7j, Liu, Ma and Zhang 
established the corresponding family rigidity and vanishing theorems on the 
equivariant if -theory level. As explained in |14} I15|. taking the Chern charac- 
ter might kill some torsion elements involved in the index bundle. Therefore, 
the if -theory level rigidity and vanishing properties are more subtle than those 
on the Chern character level. 
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The purpose of this paper is to establish the family rigidity and vanishing 
theorems on the equivariant .fT-theory level for the Witten type operators in- 
troduced by Chen-Han-Zhang [3j. In fact, our main results in Theorem 12. 21 may 
be regarded as an analogue of Theorem 2.1] and |15l Theorems 2.1, 2.2]. In 
particular, if the base manifold is a point, from our family rigidity theorem, one 
deduces Chen-Han-Zhang's theorem O Theorem 3.2(i)]. Both the statement 
and the proof of Theorem 12.21 are inspired by those of |144 Theorem 2.1] and 
[T5l Theorems 2.1, 2.2], which essentially depend on the techniques developed 
by Taubes [T7] and Bismut-Lebeau pp. 

This paper is organized as follows. In Section [21 we state and prove our 
main results, Theorem 12.21 the rigidity and vanishing theorems for the family 
Witten type operators introduced by Chen-Han-Zhang [3]. Section [3] is devoted 
to the proofs of two intermediate results, Theorems 12.81 and 12.91 which are used 
in the proof of Theorem 12.21 

2 Rigidity and vanishing theorems in A'-theory 

In this section, we establish the main results of this paper, the rigidity 
and vanishing theorems on the equivariant /T-theory level for a family of Spin c 
manifolds. Such theorems hold under some anomaly cancelation assumption 
which is inspired by Chen-Han-Zhang's String c condition [3]. For the particular 
case when the base manifold is a point, our results imply Chen-Han-Zhang's 
theorem [3} Theorem 3.2(i)]. 

This section is organized as follows. In Section 12. 1\ we reformulate a K- 
theory version of the equivariant family index theorem which is proved in |15t 
Theorem 1.2] and |14} Theorem 1.1]. In Section \2.2\ we state our main results, 
the rigidity and vanishing theorems on the equivariant .fT-theory level for a 
family of Spin c manifolds. In Section \2.2>\ we state two intermediate results on 
the relations between the family indices on the fixed point set, which will be 
used to prove our main results stated in Section 12.11 In Section 12. 44 we prove 
the family rigidity and vanishing theorems. 

2.1 A A'-theory version of the equivariant family index theorem 

Let M, B be two compact manifolds, and ir : M — > B a smooth fibration 
with compact fiber X such that dim X = 21. Let TX denote the relative tangent 
bundle carrying a Riemannian metric g TX . We assume that TX is oriented. 
Let (W, h w ) be a complex Hermitian vector bundle over M. 

Let (V,g v ) (resp. (V',g v )) be a 2p (resp. 2p') dimensional oriented real 
Euclidean vector bundle over M. Let (L,h L ) be a complex Hermitian line 
bundle over M with the property that the vector bundle U = TX © V © V 
satisfies 0J2{U) = c\{L) mod (2), where u>2 denotes the second Stiefel- Whitney 
class, and c\ denotes the first Chern class. Then the vector bundle U has a 
Spin c -structure. Let S(U, L) be the fundamental complex spinor bundle for 
(U,L) (cf. [8, Appendix D]). 

Assume that there is a fiberwise S 1 action on M which lifts to V, V, L and 
W, and assume the metrics g TX , g , g v , h and h w are ^-invariant. Also 
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assume that the S 1 actions on TX, V, V', L lift to S(U,L). 

Let S7 TX be the Levi-Civita connection on (TX, g TX ) along the fiber X. 
Let V v (resp. ) be an S^-invariant Euclidean connection on (V, g v ) (resp. 
(V',g v )). Let (resp. X7 W ) be an S^-invariant Hermitian connection on 
(L,h L ) (resp. (W,h w )). 

The Clifford algebra bundle C(TX) is the bundle of Clifford algebras over 
X whose fibre at x G X is the Clifford algebra C(T X X) (cf. [8]). Let C(V) 
(resp. C{V')) be the Clifford algebra bundle of (V,g v ) (resp. (V',g v ')). 

Let {ei}f =1 (resp. {fj] 2 ^ = i) be an oriented orthonormal basis of (TX,g TX ) 
(resp. (V,g v )). We denote by c(-) the Clifford action of C{TX), C(V) and 
C(V') on S(U,L). Let r be the involution of S(U,L) given by 

r = (^T) i+p c(ei) • • • c(e 2l )c(h) ■ ■ ■ c(f 2p ) . (2.1) 

In the rest of the paper, we will say r the involution determined by TX © V . 
We decompose S(U,L) = S+(U,L) © S-(U,L) corresponding to r such that 
T \s±(UL) = V 5 '( C/ ' Z ') be the Hermitian connection on S(U,L) induced 

by V TX , V v , V v ' and V L (cf. [8, Appendix D]). Then V 5(C/ ' L) preserves 
the Z 2 -grading of S(U, L) induced by {23]). Let \jS{U,L)®w be the Hermitian 
connection on S(U, L) <g> W obtained from the tensor product of \7 S ( U ' L ) and 
X? w . Let D x © W be the family twisted Spin c -Dirac operator on the fiber X 
defined by 

21 

D X ®W = Y J c(e t )V s e ^ L ^ w . (2.2) 
i=i 

By [El Proposition 1.1], the index bundle \n.d T {D x ®W) over B is well-defined 
in the equivariant iT-group K s i(B). Using the same notations as in \15\ (1.4)- 
(1.7)], we write, as an identification of virtual 5 1 -bundles, 

lnd T {D x 8) W) = 0Ind r (L» x <g> W,n) ® [n], (2.3) 

where by [n] (n G Z) we mean the one dimensional complex vector space on 
which S 1 acts as multiplication by g n for a generator g £ S 1 . 

Let F = {F a } be the fixed point set of the circle action on M. Then 
7r : F a — > B (resp. ir : F — > B) is a smooth fibration with fiber Y a (resp. Y). 
Let vf : N -4 F denote the normal bundle to F in M. Then iV = TX/TY. We 
identify iV as the orthogonal complement of TY in TX|_p. Then TX\p admits 
a S' 1 -equivariant decomposition (cf. [151 (1-8)]) 

TX| F = 0j\^ffiTY, (2.4) 

where iVy is a complex vector bundle such that g G S 1 acts on it by with 
v G Z\{0}. Clearly, iV = @ v ^qN v . We will regard iV as a complex vector 
bundle and write for the underlying real vector bundle of N. For let 
N v j& denote the underlying real vector bundle of N v . 
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Similarly, let (cf. [J5, (1.9) and (1.46)]) 



v\ F = ®v v ®v®, vV = 0K®C, W\ F = @W V , (2.5) 

be the S^-equivariant decompositions of the restrictions of V, V and W over 
F respectively, where V v , and W v (v £ Z) are complex vector bundles over 
F on which g £ S 1 acts by g v , and Pg (resp. V^ /R ) is the real subbundle of V 
(resp. V') such that S 1 acts as identity. For d^O, let V^r (resp. V^ R ) denote 
the underlying real vector bundle of V v (resp. Fj). Denote by 2po = dimV^f 
and 2lo = dimy. 

Let us write (compare with [151 (1-47)]) 

L F = L® (0detJV t ,®0detK®0det^, / ) \ (2.6) 

u^O t^O u^O 

Then Ty e y ' R has a Spin c -structure. Let S(Ty y o R © y o /R , L F ) be the 
fundamental spinor bundle for (TY © Vg 8 V^ /R ,Li?). Let R be a Hermitian 
complex vector bundle equipped with a Hermitian connection over F. We will 
denote by D R the family (twisted) Spin c Dirac operator on S(TY © Vg 8 
Vq' k , L^) R defined as in and by D Ya R its restriction to y a . 

Recall that N v ^ and r are canonically oriented by their complex struc- 
tures. The decompositions (|2.4|) . (|2.5p induce the orientations of Ty and Vg R 
respectively. Let {e^}^, {/j}^ ! be the corresponding oriented orthonormal 

basis of {TY,g TY ) and (V^,g v »). The involution of S(TY © y R © y*, L F ) is 
canonically associated to that of S(U,L), which we still denote by r, is given 

b y _ 

r = (^T)'o+ P o c(ei) . . . c(e2/o)c(/l ) . . . c(/2po ) . (2.7) 

Let 5(ry©y R ©y /R ,L F ) = s + (ty®v^®v^,l f )®s^(ty®v^®v^,l f ) 

be the Z 2 -grading of S(TY © y R © y Q /R , L F ) induced by r. 

Let C(A'r) (resp. C(V„,r)) be the Clifford algebra bundle of (Nj&, g TX \N m ) 
(resp. (Y VjR ,g v \ Vv>u )). By [T5l (1.10)], A(iV*) is a C(JV R )-Clifford module with 
the involution r | A even/odd(]v*) = il- Similarly as in [151 (1-10)], we can define 

the Clifford action of C(V v m) on A(K*). Then A(TC) is a C(K iR )-Clifford 
module with the involution T^| Acvcn/odd ^*^ = ±1. 

By restricting to F, one has the isomorphism of ^-graded C(TA")-Clifford 
modules over F as follows (compare with |15} (1.49)]), 

(s(u, l),t)\ f ~ (s(ty © y R © y ,R , l f ), t ) ® (a7v*, r ") 

© 0~(AK*, r y )©'0 (Ayj*, id) , (2 ' 8) 

where id denotes the trivial involution and denotes the Z2-graded tensor 
product (cf. [8, pp. 11]). Furthermore, the isomorphism (|2.8p gives the identifi- 
cations of the canonical connections on the bundles (compare with [HI (1.13)]). 
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Let S 1 act on L\p by sending g G S 1 to </ c (/ c G Z) on F. Then Z c is 
locally constant on F. Following [15, (1.50)], we define the following elements 
in K(F)[[qh]], 

R(q) = ^(E.NdimJV.-E^dimK-E^dimK+g ^ ( Syirv ,(jV„) <g, det JV„) 

v>0 

(g) Sym,-„ ^ (g) A_ g . (F„) ® (g) A ? » (V^) ® ( ^ ^W„) 
= ]Ti? n <f, (2-9) 

n 

= g |(-EJ^ dim7V ^E^dimy„-E^dimV;'+« c ) (g) Sym^ (A^) 

® (g) (Syny (N v ) ® det A^) (8) (g) A_,. (K) 

K0 u^O 

®®v(K0® (zy^) =E<<? n ( 2 - 10 ) 

As explained in [151 PP- 139], since TX © 1/ © V' © L is spin, one gets 
^udim^ + ^wdimK + ^vdimV u / + / c = mod (2). (2.11) 

V V V 

Therefore, R n (q), K(q) e [[?]]• 

The following theorem was essentially proved in [151 Theorem 1.2]. 

Theorem 2.1 For n G Z, t/ie following identity holds in K(B), 
lnd T (D x ® W,n) = ^(-l)Eo< l ,dimAf„ Ind ^ ^y a ^ ^ 

(2.12) 

= ^(-l)^<o dim ^Ind T (Z^©/4). 

2.2 Family rigidity and vanishing theorems 

Let 7r : M — > B be a fibration of compact manifolds with fiber X and 
dim AT = 21. We assume that S 1 acts fiberwise on M and TX has an S 1 - 
invariant Spin c structure. Let Kx be the 5 1 -equivariant complex line bun- 
dle over M which is induced by the ^-invariant Spin c structure of TX. Let 
S(TX, Kx) be the complex spinor bundle of (TX,Kx) (cf. [3 Appendix D]). 

Let V be an even dimensional real vector bundle over M. We assume that 
V has an # -invariant spin structure. Let S(V) = S + (V)®S~(V) be the spinor 
bundle of V. Let W be an S^-equivariant complex vector bundle over M. Let 
Kw = det(W) be the determinant line bundle of W. 
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We define the following elements in K (M)[[g 1//2 ]], 

oo 

Rx(V) = (S+(V)+S-(V)) <8)(g)A 3 n(F) , 

n=l 

oo 

R 2 (V) = (s + (V) - S~(V)) (g) A-r(V) , (2.13) 

n=l 

oo oo 

MV) =(g)A_ ? n-l/2(F) , tf 4 (^) = ® A,„- 1/2 (F) , 

n=l ra=l 

oo oo oo 

Ql (W) = (g) A,n (TF) ® (g) A,n (W) ® (g) A_ g „- 1/2 (IF) 

n=0 n=l n=l 

oo oo oo 

® (g) A_ 9 n-i/ 2 (W) ® (g) A gn „ 1/2 (W) ® (g) (W) . 

n=l n=l n=l 

For N e Z, N > 1, let y = e 27Ti/N eC. Let G y be the multiplicative group 
generated by y. Following [18] . as in O Section 2.1], we consider the fiberwise 
action G y on W and W by sending y £ G y to y on W and y _1 on W. Then G y 
acts naturally on Q\(W). 

Let H* S1 {M, Z) = F*(M x 5 i ES 1 , Z) denote the ^-equivariant cohomology 
group of M, where ES 1 is the universal S^-principal bundle over the classifying 
space BS 1 of S . So H%(M,Z) is a module over H*{BS l ,Z) induced by the 
projection 7f : M x s i ES 1 — > BS 1 . Let pi(-)si an d ^(Os 1 denote the first 
S 1 -equivariant pontrjagin class and the second .S 1 -equivariant Stiefel- Whitney 
class, respectively. As V Xgi -ES 11 is spin over M x s i ES 1 , one knows that 
yi(V) s i is well defined in H* gl {M,Z) (cf. pU pp. 456-457]). Recall that 

H*(BS\Z) = Z[[u]\ (2.14) 

with u a generator of degree 2. 

In the following, we denote by D x <8> -R the family twisted Spin c Dirac 
operator acting fiberwise on S(TX, Kx) ® R- Recall that if lnd(D x ® R,n) 
vanishes for u / 0, we say that D ® R is rigid on the equivariant i^-theory 
level for the S 1 action. 

Now we can state the main results of this paper as follows, which can be 
thought of as an analogue of |14l Theorem 2.1]. 

Theorem 2.2 Assume w 2 {W) s i = w 2 {TX) s i, \ Pl (V + 2>W -TX) s i = e-if*u 2 
(e e Z) in Hg 1 (M, Z), and ci{W) = mod (JV). For i = 1,2,3,4, consider 
the family of G y x S 1 -equivariant twisted Spin Dirac operators 

oo 

D x ® (K w ® KZ 1 ) 1 / 2 ® (SbSymATX) ® R i {V)®Q 1 {W) . (2.15) 



x 

n=l 



(i) If e = 0, then these operators are rigid on the equivariant K-theory level 
for the S 1 action. 



6 



(ii) lfe<0, then the index bundles of these operators are zero in K G xS i(B). 
In particular, these index bundles are zero in Kc y {B). 

Remark 2.3 As explained in j!4\ Remark 2.1], W2(W)gi = W2(TX)gi means 
that ^p\(3W — TX) s i is well defined and that c\(Ky/ <g) K^ 1 )^ = mod (2). 
By Q Corollary 1.2], the S l action on M can be lifted to {Kw ® K x 1 ) 1 / 2 and 
is compatible with the S 1 action on K\y ® K x . 

Take N = 1, i.e., we forget the G y action on W and remove the correspond- 
ing assumption ci(VF) = mod (N). Furthermore, take W = Kx and V = 0. 
Then an interesting consequence of Theorem 12.21 is the following family rigidity 
and vanishing property, which may be thought of as an extension of [15} The- 
orem 2.3] to the Spin c case. When the base manifold is a point, it turns out 
exactly to be Chen-Han-Zhang's theorem [31 Theorem 3.2(i)]. 

Corollary 2.4 Assume \p x (^Kx - TX) s i = e ■ Jf*u 2 (e G Z) in H*j(M,Z). 
Consider the family of S 1 -equivariant twisted Spin Dirac operators 

oo 

D x ® (g) Sym qn (TX) ® Q X (K X ) . (2.16) 

71=1 

(i) If e = 0, then these operators are rigid on the equivariant K-theory level 
for the S 1 action. 

(ii) lfe<0, then the index bundles of these operators are zero in Kgi(B). In 
particular, these index bundles are zero in K(B). 

Remark 2.5 The operators in (|2.16p are the Witten type operators introduced 
by Chen- Han- Zhang J3J/. By taking N = 1, W = Kx, V = 0, and letting 
the base manifold B be a point in fl^\ Theorem 2.1], we get Chen-Han- Zhang's 
theorem JH Theorem 3.2(H)]. It is rather natural to establish an analogue of \lJ\ 
Theorem 2.1], which corresponds to Chen-Han-Zhang's theorem J3J Theorem 
3.2(i)]. That is one of the motivation of Theorem \2.2[ 

Actually, as in \TE\ , our proof of Theorem 12.21 works under the following 
slightly weaker hypothesis. Let us first explain some notations. 

For each n > 1, consider 7L n C S , the cyclic subgroup of order n. We 
have the Z n -equivariant cohomology of M defined by H% (M, Z) = H*(M x% n 
ES 1 ,^), and there is a natural "forgetful" map a(5 1 ,Z„) : M x Zn ES 1 -> 
M x s i ES 1 which induces a pullback a(5 1 ,Z n )* : H* S1 (M,Z) -> H^ n (M,Z). 
We denote by a(S 1 , 1) the arrow which forgets the S 1 action. Thus a(S 1 , 1)* : 
F*i (M, Z) -> H*(M, Z) is induced by the inclusion of M into M x s i ES 1 as a 
fiber over BS 1 . 

Finally, note that if Z n acts trivially on a space Y, then there is a new 
arrow t* : H*(Y,Z) -)• H^ n (Y,Z) induced by the projection t : Y x Zn ES 1 = 
Y x BZ n -> Y. 

Let Zqo = S . For each 1 < n < +oo, let i : M(n) — > M be the inclusion of 
the fixed point set of Z n C S 1 in M, and so i induces igi : M(n) x s i ES 1 — > 
M x s i ES 1 . 
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In the rest of this paper, we suppose that there exists some integer e S Z 
such that for 1 < n < +00, 

a(s l ,z n y o e sl ( l Pl (v + 3W- tx) s1 - e ■ w* u 2 ) 

1 (2-17) 
= t* o a(S\ 1)* o i* a ( - Pl (V + 3W- TX)gi} . 

As indicated in [144 Remark 2.4], the relation (|2.17p clearly follows from the 
hypothesis of Theorem 12.21 by pulling back and forgetting. Thus it is a weaker 
hypothesis. 

We can now state a slightly more general version of Theorem 12.21 
Theorem 2.6 Under the hypothesis (|2.17p . we have 

(i) If e = 0, then the index bundles of the twisted Spin Dirac operators in 
Theorem{KM are rigid on the equivariant K -theory level for the S 1 action. 

(ii) If e < 0, then the index bundles of the twisted Spin Dirac operators in 
Theorem \2.2\ are zero as elements in K GyXS i(B) . In particular, these 
index bundles are zero in Kg v {B). 

The rest of this section is devoted to a proof of Theorem 12.61 



2.3 Two recursive formulas 

Let F = {Fa} be the fixed point set of the circle action. Then ir : F — > B 
is a fibration with compact fibre denoted by Y = {Ya}. 
As in (2.5)], we may and we will assume that 

TX\ F = TY®Q)N V , 

V> ° _ (2-18) 

TX\ F ® R C = TY ® M C © (N v N v ) , 

v>0 

where N v are complex vector bundles on which S 1 acts by sending g £ S 1 to 
g v . We also assume that (cf. [14, (2.6)]) 

V\f = V^(B®V v , W\ F = QW V , (2.19) 

where V v , W v are complex vector bundles on which S 1 acts by sending g to g v , 
and is a real vector bundle on which S 1 acts as identity. 

By (|2,18p . as in [14:\ (2.7)] , there is a natural isomorphism between the 
^2-graded C(TA)-Clifford modules over F, 

S(TX,K X )\ F ~ s(tY,K x ® v>0 (det Ay" 1 ) §0^^ . (2.20) 

For a complex vector bundle R over F, let D Y <g> R, D Ya ®Rbe the twisted 
Spin c Dirac operator on S(TY, Kx ( 8 ) «>o (det N v )~ 1 )(>$iR over F, F a respectively. 
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We introduce the following locally constant functions on F (cf. [14} (2.8)]), 
e(N) = ^v 2 dim N v , d'(N) = ^ v dim N v , 

v>0 v>0 

e(V) = ^ 2 dimV; , d'(V) =^dimK , (221 ) 
e(W) = ^VdimW„ , =^udimW„ . 



(2.22) 



As in [TU (2.9)], we write 

L{N) = ® v>0 (det N v ) v , L(F) = ® v>0 (detV v ) v , 
L(W) = ®^o(det W v ) v , L = L(N)- 1 ® L(V) ® L(Wf . 

By using (|2. 1T[) and computing as in p3J (2.10)-(2.11)], one knows 

ci(L) = 0, e(V) + 3 • e(W) - e(N) = 2e , (2.23) 

which means L is a trivial complex line bundle over each component F a of 
F, and S 1 acts on L by sending g to g 2e , and G y acts on L by sending y to 
y3d'(W0_ p rom Lemma 2.1], we know that d'{W) mod (iV) is constant on 
each connected component of M. Thus we can extend L to a trivial complex 
line bundle over M, and we extend the S 1 action on it by sending g G S 1 on 
the canonical section 1 of L to g 2e ■ 1, and G y acts on L by sending y to y 3d ( w \ 
In what follows, if R(q) = Emeiz?" 1 ^™ G ^si( M )[[<? 1/2 ]]> we wil1 al so 
denote Ind(L> x <g> R m , h) by Ind(Z) x <g> R(q),m, h). For i = 1, 2, 3, 4, set 

ifo = (K w ® K x 1 ) 1 / 2 (8) ^(F) (8) Qi(W0 . (2.24) 

As in |14l Proposition 2.1], by using Theorem 12. II we first express the global 
equivariant family index via the family indices on the fixed point set. 

Proposition 2.7 Form G ^Z, h G 1 < i < 4, we have the following identity 
inK Gy {B), 



Ind [D x ® C=iSym f (TI) ® R il ,m,h j 

= ^(-l)^>« dim ^ Ind (z) y " ® ®- =1 Sym 9 „(TX| F ) ® (2 . 25) 
® Sym (® t , >0 iV 1 ,) g) t; >o det N v ,m,h 



To simplify the notations, we use the same convention as in [141 PP- 945]. 

i 

For no G N*, we define a number operator P on i^5i(M)[[g n o]] in the following 

i 

way: if R(q) = ® n€ j_ z R n q n G K s i(M)[[q n o]], then P acts on i?(g) by multipli- 
ed 

cation by n on From now on, we simply denote Sym qn (TX), A q n(V) and 
A q n(W) by Sym(TA" n ), A(V n ) and A(W n ), respectively. In this way, P acts on 
TX n , V n and W n by multiplication by n, and the action of P on Sym(rX n ), 
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A(V n ) and A(W n ) is naturally induced by the corresponding action of P on TX n , 

V n and W n . So the eigenspace of P = n is just given by the coefficient of q n 

i 

of the corresponding element R(q). For R(q) = (& n€ j_ z R n q n G K s i (M)[[q n o ]], 

"0 

we will also denote lnd(D x (g> i? m , /i) by lnd(D x ® R(q),m, h) . 

For p G N, we introduce the following elements in K s i (F)[[q]] (cf. [TH 
(3.6)]), 

oo oo 

M X ) = ® Sym(Ty n ) ® ® ( ® Sym ® Sym (N v , n ) ) , 

n=l v>0 n=l n>pv 

^(X) = ® ® (Sym(JV t ,,_ n )®detJV,,) , (2 ' 26) 

r>>0 0<n<pu 

^- p (x) = j- p (x)® j;(x) . 

Then from (|2.18p . over F, we have 

oo 

T°(X) = ® Sym„„(TX| F ) ® Sym(©«>o#„) ®„>o det iV„ . (2.27) 



q 

n=l 



We now state two intermediate results on the relations between the family 
indices on the fixed point set. These two recursive formulas will be used in the 
next subsection to prove Theorem | 



Theorem 2.8 (Compare with [TU Theorem 2.3]) For 1 < i < A, h, p G Z, 

p > 0, m G \^L, the following identity holds in Kc y {B), 

Y^i-l)^*^™^ 1xl&{D y ° ®T°(X) ®R il ,m,h) 

a 

= ^(-lfrf'W+^odimA^ l nd (£>^ ® J-P(X) (8) ifc, (2.28) 

a 

1 2 art , P 



in 



+ -p 2 e(N) + y'(N),h) . 



The proof of Theorem 12.81 will be given in Sections I3.2H3.4I 

Theorem 2.9 (Compare with [TJ1 Theorem 2.4]) For each a, 1 < i < 4, h, 
p G Z, p > 0, m G ^Z, f/ie following identity holds in Kg v {B), 

Ind(D yQ (8) ^~ P (X) ®R il ,m+ \p 2 e{N) + Jd'(iV), h) 

v 2 2/ (2.29) 

= (-l)P rf '( w ) lnd(D Y <* ® T°(X) ® i? a ® L- p , m + ph + p 2 e, h\ . 
The proof of Theorem 12.91 will be given in Section [3.11 
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2.4 A proof of Theorem 12.61 

As \ Pl {3W -TX) s i G H* S1 (X,Z) is well defined, one has the same identity 
as in [14, (2.27)], 

d'(N) + d'{W) = mod (2). (2.30) 

From Proposition [221 Theorems (2^1 Ejl] and (pT30D . for 1 < i < 4, G Z, 
p > 0, m G ^Z, we get the following identity (compare with |14l (2.28)]), 

oo 

Ind(D x ® (g) Sym g „(TX) i?a,m, /i) 

n=1 ' (2.31) 

oo 

Indf D x ® (5?) Sym „ (TX) ® E a ® m', fc* 



with 



n=l 



m' = m + ph + p 2 e. (2.32) 



By (j27L3j) and (^M), if m < or m/ < 0, then either side of (jlOTj) is 
identically zero, which completes the proof of Theorem 12.61 In fact, 

(i) Assume that e = 0. Let h G Z, mo G |Z, /i ^ be fixed. If /i > 0, we 
take m! = mo, then for p large enough, we get m < in (|2.3ip . If /i < 0, 
we take m = mo, then for p large enough, we get m! < in (|2.3ip . 

(ii) Assume that e < 0. For h G Z, mo G ^Z, we take m = mo, then for p 
large enough, we get m! < in (|2.31[) . 

The proof of Theorem 12.61 is completed. 

Remark 2.10 We point out here that there is aTLjk version of Theorem \2.b\ 
which is an analogue of [9, Theorem 4-4]- I n f ac t, by using the mod k local- 
ization formula for Z/fc circle actions on Z/k Spin c manifolds established in 
|3 Theorem 2.7] (see also \19\ Theorem 2.1] for the spin case), our proof of 
Theorem \2.6\ can be applied to the case ofZ/k manifolds with little modification. 

Remark 2.11 (Compare with [HI Remark 2.5]) If M is connected, by (|2,3ip . 
for 1 < i < 4, in Kg (B), we get 



oc 



Ind(D x ® 6?) Sym„„(TX) ® B41 



n=l 



00 



(2.33) 

lnd(D x ® (S?) Sym n(rX) ® R a ) ® [3d' (W0], 



n=l 



where by [3d'(W)] we mean the one dimensional complex vector space on which 
y G G y acts by multiplication by y 3d ( w ' . In particular, if B is a point, and 
3d'(W) 7^ mod (N), we get the vanishing theorem for String manifolds ana- 
logue to the result of J21 § 1 0]. 
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3 Proofs of Theorems [2~8] and [2J) 



In this section, we prove those two intermediate results which are stated in 
Section 1231 and used in Section |2~41 to prove our main results. 

This section is organized as follows. In Section 13.11 following |14[ Section 
3.2], we prove Theorem 12.91 In Section 13.21 we introduce the same refined shift 
operators as in p~51 Section 4.2]. In Section [3731, we construct the twisted Spin c 
Dirac operator on M(rij), the fixed point set of the naturally induced Z n ,.-action 
on M. In Section \3. 41 by applying the S^-equivariant index theorem in Section 
12.11 we finally prove Theorem 12.81 

3.1 A proof of Theorem 12.91 

Let H be the canonical basis of Lie(5 1 ) = R, i.e., exp(iff) = exp(2\/— lvri), 
for f £ 1. On the fixed point F, let Jjj denote the operator which computes 
the weight of the S 1 action on T(F,E\p) for any S^-equivariant vector bundle 
E over M. Then Jjj can be explicitly given by (cf. [15} (3.2)]) 

where ££u denotes the infinitesimal action of H acting on V{M, E). 

Recall that the Z 2 -grading on S(TX, K x )®™ =1 Sym(TX n ) (resp. S(TY, K x ® 
® v>0 (det N^-^^F-PiX)) is induced by the Z 2 -grading on S(TX, K x ) (resp. 
S(TY,K X ® V>0 (detiV,,)- 1 )). Write 

oo oo 

Q l w = (g)A(F„)®(g)A(W n ) , Qw= ® A(W n )8) (g) A(W n ) , 

™=0 n=l neN+i nGN+i 

oo 

Fy = S{V) ®0A(7 n ) , F v = (g) A(V n ) . (3.2) 

1=1 neN+| 

There are two natural Z2-gradings on Fy, Fy (resp. Q]y, Qyy)- The first 
grading is induced by the Z 2 -grading of S(V) and the forms of homogeneous 
degrees in (g)^ =1 A(V n ), ® neN+ iA(V n ) (resp. Q^). We define r e \ F i± = ±1 
(i = 1,2) (resp. T e \g2± = ±1) to be the involution defined by this Z 2 -grading. 

The second grading is the one for which Fy and Q l w (i = 1, 2) are purely even, 
i.e., Fy~ = F v , = Q l w . We denote by t s = id the involution defined by this 
Z 2 -grading. Set Q(W) = Q\y ® Qw ® Qw ■ We will denote by n the Z 2 -grading 
on Q{W) defined by 

(Q(W),n) = {Qw,T s )®{Q 2 w ,T e )®(Q 2 w ,T s ). (3.3) 

Then the coefficient of q n (n E |Z) in (pJ3l) of R X {V) (resp. R 2 (V), R 3 (V), 
Ri(V), Qi(W)) is exactly the Z 2 -graded vector subbundle of (F v ,t s ) (resp. 
(F v ,T e ), (F v ,T e ), (F V ,T S ), {Q{W),ti)), on which P acts by multiplication by 
n. 
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Furthermore, we denote by r e (resp. t s ) the Z2-grading on S(TX,Kx) 8> 
<8)^ =1 Sym(TX n ) ® (i = 1, 2) induced by the above Z2-gradings. We will 
denote by r el (resp. r sl ) the Z 2 -grading on S(TX, Kx) ® ®^iSym(TX n ) ® 

Q(W) (i = 1, 2) defined by 

Tel = rjdri , T s i = r s (§ri . (3.4) 

We still denote by r e i (resp. t s1 ) the Z2-grading on S(TY, i^x®i;>o(det A^) _1 )<8> 
J-^(X) ® Ff (8) Q(W) (i = 1, 2) which is induced as in Ijgl3|) . 

By (|2.19p , as in (|2.20p , there is a natural isomorphism between the Z2-graded 
C(y)-Clifford modules over F, 

S(V)\ F ~ S^fXWdetK)- 1 ) ®® w>(J AK • (3-5) 

Let V = V R <g> K C. Using (I2TTU|) and ([32]), we rewrite ([221) on the fixed 
point set F as follows, 



oo oo 



n=0 n=l 



Q\V= QS) H®vW v , n ) Q£) A(® v W v , n ) , 
nGN+| neN+| 
oo 

Fy = (g)A(y ,n e ® v>0 (v v , n © F„,„)) (3 - 6) 

n=l 

®<S(V R ,^ >0 (detV;)-^ 
® A^o.nffiffi^o^ffiF^)) 



We can reformulate Theorem 12.91 as follows 



Theorem 3.1 For each a, h, p G Z, p > 0, m G ^Z, /or £ = 1, 2, r = r e i or 
r s i, the following identity holds in Kq (£>), 



Ind T (d y « ® (if w ® F^ 1 ) 1 / 2 ® F~ p pO ®Fy®Q{W), 



m + -p 2 e(N) + -pd'{N),h 
.ypd'iw) Indr ^y Q g, ( Kw g, ^-1)1/2 g, ^o (x) g 

<8> Q(W) 8) L~ p , m + p/t + p 2 e, h 



(3.7) 



Following [17] in spirit, we introduce the same shift operators as in |14[ 
(3.9)]. For p G N, we set 

: N VjTl y Nj} t n+pv > T* '■ N v,n ^ N v,n—pv > 
r* . W v ^ n y *^v t n~\~pv j • v.n ^ ^^f,n— pv • 
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Proposition 3.2 For p 6 Z, p > 0, i = 1,2, there are natural isomorphisms 
of vector bundles over F, 

n(F- p (X)) ~ T°(X) <8 L(N) P , r,{F l v ) ~ F£ <8 L(V)~ P . (3.9) 

For any p £ Z, p > 0, i = 1,2, i/iere are natural G y x S 1 -equivariant isomor- 
phisms of vector bundles over F , 

r*(<2V) ^ QW 8) L(T^)- p . (3.10) 

In particular, one gets the G y x S 1 -equivariant bundle isomorphism 

r*(Q(W)) ~ Q(W) 8) L(iy)" 3p . (3.11) 

Proof By [14, Proposition 3.1], only the i = 2 case in (|3.1Up needs to be 
proved. 

Using [14} (3. 14)- (3. 16)], we have the natural G y x S^-equivariant isomor- 
phisms of vector bundles over F, 

(g) A'»(F„_ p ^ (g) A dim ^-^,_ n+jro ) 

0<n<p^ 0<n<p^ 



D 7 I 



t»0 

, dim Wo - 



A*»(W v>n+pi ,) ~ (£) A dim ^- l «(W Vi _ n _ pu ) 

0. neN+^,i><0, 
0<n< — pi; 0<n< — pu 

®(g)(detW, 



(3.12) 



pv 

V) 



t»0 



From (12321 and (I3TT2]) . we get (131(1 for the i = 2 case. 
The proof of Proposition 13.21 is completed. 

The following proposition, which is an analogue of |14[ Proposition 3.2], is 
deduced from Proposition 13.21 

Proposition 3.3 For p £ 7L, p > 0, i = 1, 2, the G y -equivariant isomorphism 
of vector bundles over F induced by (13. 9j) . (j3.11j) . 

r* : S(TY, K x ® l)>0 (det A^ 1 ) <8 <8 ^ X Y /2 

(3 13) 

— ► ^(ry^x^oCdetiV,,)- 1 )®^®^ 1 ) 1 / 2 
(8) .F°(X) <8 ® Q(W) (8) L- p , 
verifies the following identities, 
r* 1 ■ Jh ■ n = J H , 
r~ 1 -P-r, = P + pJ H + p 2 e - ^p 2 e{N) - ^d'{N) . ' ' ' ' 

For the 7i2-gradings, we have 

r^TeU = r e , r^V* = t s , rjV* = (-if'^T! . (3.15) 
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Proof By the proof of |14l Proposition 3.2], we need to compute the action of 
r^-P-n on (g) neN+ i,„ >0 , A in (W v , n )(g) neN+ i,, <0 , AHW Vtn ). In fact, by ^M, 

0<Cn<Cpv 0<n<— pv 

r* 1 • P • = (dim W v — i n )(—n + pv) 

ti6I+j,»>0, 
0<n<pi; 

+ (dimW v - i' n )(-n - pv) (3.16) 

0<n< — 

= P + pJ H + \p 2 e(W) . 

By O (3.21)-(3.23)], (j23Tj) - (^23l) and (f3T6l) . we deduce the second line of 
(13T41 . The first line of (pTHD is obvious. 

Consider the Z2-gradings. The first two identities of f)3. 15j) were proved in 
[El (3.18)]. n changes only on <g> nen+ i >v>0> A^(W v , n ) n6N+ |,„ <o , A^(PP„,„). 

From (I2T2T|) and (l3TT2"j) . we get the third identity of (jBTToj) . 
The proof of Proposition 13.31 is completed. 



Theorem 13.11 is a direct consequence of Proposition 13.31 The proof of The- 
orem E2] is completed. 

The rest of this section is devoted to a proof of Theorem 12.81 



3.2 The refined shift operators 

We first introduce a partition of [0, 1] as in O pp. 942-943]. Set J = {w£ 
N I there exists a such that N v 7^ on F a } and 

$ = {/3 e (0, 1] I there exists v £ J such that /3v G Z} . (3.17) 

We order the elements in so that = {/3j | 1 < i < Jq, Jq G N and < 
Then for any integer 1 < i < Jq, there exist p%, fii G N, < pi < rii, with 
(Pi,n<i) = 1 such that 

Pi=Pi/ni, (3.18) 

Clearly, /3j = 1. We also set po = and /?o = 0. 
For < j < Jq, p G N*, we write 

/■=((»,n)eNxN tie J, (p - l)v < n < pv, - =p - 1 + — } , 
•'I rij i 

(u, n) G N x N v G J, (p - l)u < n < pu, - > p - 1 + — i . 

v rij ) 

Clearly, Iq = 0, the empty set. We define F p j(X) as in [HI (2.21)], which are 
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analogous with f|2.26j) . More specifically, we set 



n=l v>0 n=l n>(v-l)v+2i-v 



v>0, 

0<n<(p-l)v+ [|4-«] 



Sym (iV 1 ,,_ n ) ® det N v 



= F p (X)®J , p _ 1 (X)® (g) Sym(iV„ )n ) (3.20) 

rSym(JV«,_ n )®detJV«) , 
(»,n)eu{ =0 /? 

where we use the notation that for s£l, [s] denotes the greatest integer which 
is less than or equal to s. Then 

F Pt0 {X) = T~p +1 (X) , T p ,j (X) = T- p {X) . (3.21) 

From the construction of /3j, we know that for v £ J, there is no integer in 
(%^v,&v). Furthermore (cf. [H (4.24)]), 

- 1 if v = mod (rij) , 

if u ^ mod (n») . 



\pj-l 1 

— — v 




— u 


- n i -\ - 




L nj J 


— — u 




Pj ' 
—v 


- rt i -:i - 







(3.22) 



We use the same shift operators r 3 -*, 1 < j < Jo as in [HI (4.21)], which 
refine the shift operator r* defined in (|3.8p . For p G N\{0}, set 



«,n+(p— l)v+pjv/rij > ^j"* • ^v,n ^ ■^v t n—(p—l)v—pjv/nj ; 



Tj* : )> V^jfi+tp— l)t;+pjv/nj > r i* • ^),n — ^ Vv,n— (p— Pjv/rij > (3.23) 

fj* : W v ^ n ^ Wt^nH-^— IjiH-PjU/^j , Tj* : W v>n >• W v,n—(p—l)v—pjv/rij ■ 

For 1 < j < Jo, we define F(/%), Fy(f3j), F^fy), Q^(/%) and Q^(/%) over 
F as follows (compare with [141 (4.13)]). 

•F(#j)= (g) Sym (TY n )® (g) (g) Sym (^ w>n 

o<«ez «>o. <nez+2.„ 



0<v'<nj/2 



Sym ( (0 A^ n N Vtn ) J , 

\ v=v',-v> mod(nj) 0<neZ+ S K <nGZ--^-?; ' 

^M)=A( 0^O,n ( V v , n F, f „) 

V 0<n(=Z _y>0, 0<neZ+ fi 1 , 0<neZ _£i„ 

K,n ^<u,nj) J j 



v=0,-ij- mod(n ? ') 



© ( © 



0<w'<nj/2 fcD'-D'mod^-) <nGZ+Sii> 0<n£Z-^-v 
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*v(Pi)=4 © V0,n © ( © V v , n V v , n ) 



© ( © ( © Vv ' n © Vv > n 

0<v'< nj /2 v=v', -v'modfaj) 0<neZ+ ?± v+ i 0<n£Z _E± v+ i 7 

= A ( © ( © © W v , n )j , 

Q 2 w (f3 j ) = hl ( W %n W^)). (3.24) 



Using (|3.22p . (|3.24p and computing directly, we get an analogue of [T 
Proposition 4.1] which refines Proposition 13.21 

Proposition 3.4 Forp G Z, p > 0, 1 < j < Jq, there are natural isomorphisms 
of vector bundles over F, 



i>>0, i>=0 mod(nj) 

® (9) (det AT V ) +(p " 1),;+1 ® (J?) (det iV,)- 1 , 



v>0 v>0, v=0 mod(nj) 

rj *(T Pij (X)) ~ -F(/%)® ® Sym(iV Vi o) 

t)>0, n=0 mod(?ij) 

^(g)(det^)^] +(p ^ +1 

t»0 

?>(i^) ~ 5(^ R , ^ >0 (det K)- 1 ) ® 

(g) A(K,o)®(g)(detF„ 



[^*]+(p-i)« 



«>0, l»0 
u— mod (n-j ) 



*C^vO — Fv(fij) ® ® A(K,o) ® ® (det Vi- 

raod(nj) 



For p G Z, p > 0, 1 < i < Jo, £/iere are natural G y x S 1 -equivariant isomor- 
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phisms of vector bundles over F, 

rj*(Qw) - Qw(Pj) ® ® detW v 



v>0, 
v = mod { n j) 



(det W v ) ^ +(p - 1)v+1 (S?)(det W„) ^ 



1»0 D<0 

riAQw)^Qw(Pi)® (K) A^o)® (R) A(W„, ) ( ' k2 " ) 



^ _ _ 

i>>0, u<0, 

— ii- mrirl In it d- 



mod (rij ) v=—^- mod (rij ) 



(det W v ) ^ +ip - 1)v (9)(det Wi) 



?;>0 u<0 

Proof By [14, Proposition 4.1], we need only to prove the second isomorphism 
in (|3.25p . In fact, using |14t (3.14)], we have the natural G y x S^-equivariant 
isomorphisms of vector bundles over F, 

0<neZ+i,u>0, 3 V>0 



"2 

n—(p—l)v — ^f-v<G 
3 



A' 



dim W, 



v ~ in (w ^,Vj\ 



1 3 

0<n6Z+^,u>0, 

n — (p—l)v— ^f-v<0 

3 (3-26) 

0<n6I+i,u<0, 3 V<0 

Pi 
n 3 



»+(p-i)»+$-»<o 



v,— n— (p— l)v — —v 



1 3 
0<na+j,»<0, 



"3 



From ()3.24p and (|3.26[) . we get the second isomorphism in ()3.25p . 
The proof of Proposition 13.41 is completed. 



3.3 The Spin c Dirac operators on M(nj) 

Recall that there is a nontrivial circle action on M which can be lifted to 
the circle actions on V and W. 

For n G N\{0}, let Z n C S 1 denote the cyclic subgroup of order n. Let 
M(rij) be the fixed point set of the induced Z nj action on M. Then tt : M(rij) — > 
B is a fibration with compact fiber X(rij). Let N(rij) — > M(rij) be the normal 
bundle to M(iij) in M. As in [2, pp. 151] (see also [HI Section 4.1], [13 Section 
4.1] or [I?]), we see that N(rij) and V can be decomposed, as real vector bundles 
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over M(rij), into 



N (nj)= N( nj ) v ®N( 



n j)nj/2 ' 
0<u<n 7 /2 

(3.27) 

V\ M ( nj ) = vfajS e v( nj ) v e v( nj )* /2 , 

0<v<rij/2 

where VX n j)o ^ s the rea ^ vec t° r bundle on which Z n . acts by identity, and 
-^( n j)n /2 ( res P- ^( n i)n 72) * s defined to be zero if rij is odd. Moreover, for 
< v < rij/2, N(rij) v (resp. V(rij) v ) admits a unique complex structure 
such that N(rij) v (resp. V(rij) v ) becomes a complex vector bundle on which 
g € Z nj . acts by g v . We also denote by V"(nj)o, V(nj) n:j /2 an d ^{ n j)nj/2 the 
corresponding complexification of V(nj)o , ^( n i)^./2 an d ^( n i)n-/2" 

Similarly, we also have the following Z nj .-equivariant decomposition of W 
over M(rij) into complex vector bundles, 

H^U/K) = W{n 3 ) v , (3.28) 

0<u<nj 

where for < v < rij, g G Z nj . acts on W(nj)„ by sending g to g v . 

By [14|, Lemma 4.1] (which generalizes [21 Lemmas 9.4 and 10.1] and |17^ 
Lemma 5.1]), we know that the vector bundles TX(rij) and V^(n,-)g are ori- 
entable and even dimensional. Thus N(rij) is orientable over M (n,). By (|3.27p . 
^( n i)n 72 ano - -^( n j)n 72 are a ^ so or i en t a ble and even dimensional. In what 
follows, we fix the orientations of N(rij)^^ 2 and V(rij)^. j 2 . Then TX(rij) 
and V(nj)o are naturally oriented by (|3.27p and the orientations of TX, V, 
^( n j)n 72 ano - /2- Let ^( n i)n 72 be ^ ne underlying real vector bundle 

of W(rij) n . /2, which are canonically oriented by its complex structure. 

By (1218]) . (pT9D . (^271) and (|5^5]> . we get the following identifications of 
complex vector bundles over F (cf. [141 (4.9) and (4.12)]), for < v < raj/2, 



^K'M F = K> © 

t/>0, i/=t> mod(n^ ) d'>0, v'=— v mod(rij ) 

^K0,| F = © 



(3.29) 



?/>0, s'hd mod(rij ) t/>0, v'=—v mod(rij ) 



for < v < rij, 



W(nj) v \ F = W v . . (3.30) 

v'=v mod(rij ) 

Also we get the following identifications of real vector bundles over F (cf. |14t 
(4-11)]), 

TX{ nj )\ F = TY® N v , N( nj )%\ = AT,, 

v>0, 2 v>0, 

v J ' u=-tv- mod n; ) 

(3.31) 



VXfyft =^ R © V v , = K 

^>0, 2 i;>0, 

v=0 mod(ri') _ 71 j , 
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Moreover, we have the identifications of complex vector bundles over F, 
TX{ nj )\ F ® R C = TY B Ce {N V ®N V ), 

D>0,»E0mod(n,) 

(3 32) 

V(nj) \ F = 7 R ® R ce (V v ®V V ) . 

v>0, »E0mod(«j) 

As (pi,Tij) = 1, we know that, for v G Z, ^-w G Z if and only if -7- G Z. 

Also, G Z + g if and only if G Z + ^. Remark if u = — 1/ mod(rij), then 

{n I < n G Z+ f-u} = {n|0<nGZ - f^u'}. Using the identifications (|3T29lh 

(13301) and (J5321) . we can rewrite J 7 ^), F v (/3j), Fy{fij), Qw(Pj) and 
over F defined over in (|3.24p as follows (compare with |144 (4.7)]), 



HPj)= ® Sym(TX( % ) n )(8) (g) Sym ( iV(n,,-) v ,, 

0<n6Z 0<u<ry/2 <neZ+^-u 

"i 

e iV^^e Sym(iV(n 3 -)v2,n) , 

0<neZ-S2-D 0<nGZ+i 



F^)=A(0^Ve ( y(n,k„ 

0<neZ 0<t)<nj/2 <neZ+^« 



0<nsZ— ^-u o<nez+i 
^M0=A( F(n y ) n . An e ( K(ty) 

0<neZ 0<v<n 3 /2 0<neZ+ E± v+ l 

© Wi) v , n ) ^(^)0,n) , 

0<neZ— 0<nGZ+i 



Qw(/3i)=A( ( ^(n 3 )„, n 

Wfa) 



(3.33) 



(3.34) 



(3.35) 



Qw(Pi)=*{ ( ^Kkn0 ) , (3.36) 



(3.37) 



We indicate here that F((3j), F£ (#,•). ^yGfy). QwO%) and Qvk(^) in flMH 
are the restriction of the corresponding TLjk vector bundles in the right hand 
side of (I333l) - (l337j) over M(n,), which will still be denoted as F{f3j), F^ifij), 

Fy (Pi IQwiPi) and Qw (ft ) • Write 

QwWj) = QlWj) © Qw(Pj) © QwWj), (3-38) 
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(3.39) 



which is a "L/k vector bundles over M(rij). 

We now define the Spin c Dirac operators on M(rij). The following Lemma 
follows from the proof of Lemmas 11.3 and 11.4]. 

Lemma 3.5 (Compare with |14t Lemma 4.2]) Assume that ()2. 17j) holds. Let 
L(nj) = (g) (det(JV(nj-)w) ® det(V( nj ) v ) 

0<v<n.j/2 

3 \ (r(nj)+l)v 

<g)[det(W( nj ) v ) © det(W( nj ) n ^ v ) ' 

be the complex line bundle over M(rij). Then we have 

(i) L(rij) has an n* h root over M(nj). 

(ii) Let E/i = TX(nj) © V(n^ © W( % )« /2 © /2 , 

L l = K x ® (g) (detCJVfa),,) det(V^) j) 

0<t><rij/2 

\ 3 r ("j) 

det(W(n,) n . /2 )J "i . 

Let U 2 = TX( nj ) © V{ nj )l ]/2 © W^O'/a © W(n,-)» /a , 

L 2 = K X ® (g) (det(iV(n i ) t) )) ® (det(W(n.,) n . /2 )) 8) L( nj )~ . 

0<v<rij/2 

Then U% (resp. U2) has a Spin c structure defined by L\ (resp. L2). 

Remark that in order to define an S 1 (resp. G y ) action on 
must replace the S 1 (resp. Gy) action by its n^-fold action. Here by abusing 
notation, we still say an S 1 (resp. G y ) action without causing any confusion. 

Let S(Ui,Li) (resp. S(i7 2 ,L 2 )) be the fundamental complex spinor bundle 
for (Ui,L\) (resp. (C/ 2 ,L 2 )) (cf. [8, Appendix D]). There are two Z 2 -gradings 
on S(Ui,L\) (resp. SiJJz, L2)). The first grading, which we denote by r s , is 
induced by the involutions on S(U\,L\) and S'(C/ 2 , L 2 ) determined by TX(nj)(B 
^( n i)n 72 as m The second grading, which we denote by r e , is induced by 

the involution on S(U\, L\) (resp. S(U2, L 2 )) determined by TX(nj)®V(nj)^ © 
W^l/2 (resp. U 2 = TX(n 3 ) © V^. /2 © W(ra^. /2 ) as in (23]). 

In what follows, by D x<yn ^ we mean the S^-equivariant Spin c Dirac operator 
on S{U\,L{) or 5([/ 2 ,L 2 ) over M(rij). 

Corresponding to by (f3T29l) and ([330]) . we define S{Ux,L x y (resp. 

5(J7 2 ,L 2 )') equipped with its involutions and r e as follows (compare with 
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m (4-i6)]), 



v>0, 
v=0 mod (rij) 



(g (detW v )- 2 ),T' s /r' e 



(detN v 0detK) _1 
A±i(K) 



v=~4~ mod (rij) 



i>>0, 



A_i(W„)® (g) A(W V ) 



(3.40) 



v=~y mod (rij ■ ) v= ~2 m °d ( n j ) 



(s(U 2 ,L 2 y,T' a /T^ =s(tY,L 2 ® (detiSQ" 1 

i;=0 mod(rij- ) 

(detK)" 1 ® (g (detW w )- 2 ) (3.41) 



i>>0, 
= —ij- mod (rtj ) 

A±i(K) 



t)= -j- mod (rij ) 



A-i(V^)® (g A(W„ 



u>0, 
v = -£- mod 



v=z-i- mod (rij ) 



i>= mod (rij ) 



Then by (|2.8p . for i = 1,2, we have the following isomorphisms of Clifford 
modules over F preserving the Z2-gradings (compare with [141 (4.17)]), 



(s(Ui,Li),Ts/r e 



(siUuLiyyjity® (g) A_i(JV„). (3.42) 

v>0, tiEOmod (rij) 



As in [HI pp. 952], we introduce formally the following complex line bundles 
over F, 



L[ = {LJ 1 (g (det N v ® det V v ) ® (g (det W v f 

«=oL^d(nj3 «=^-mod(n 3 -) 

(det^OdetK)" 1 ®^) 2 , (3.43) 



L' 2 = [L^ 1 ® (g det JV„ ® (g det K 

v J ' mod (rij) 

(g (detW 1 ,) 2 ®(g(det^)- 1 ®K x )'. (3.44) 
us ij- mod (rij) v>0 

In fact, from (12. 8p . Lemma 13.51 and the assumption that is spin, one verifies 
easily that c\(L'?) = mod (2) for i = 1,2, which implies that and L 2 are 
well-defined complex line bundles over F. 
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Then by O (3.14)], (|3T30>([3T33]) and the definitions of L 1} L 2 , we get the 
following identifications of Clifford modules over F (compare with |14| (4.19)]), 

S(U U L x )' ® (t^) ® id) = S(TY; A* ® v>0 (det iV,)" 1 ) 

8) ^(^^^(det^-^^d/r) ® (g) A±i(K) 

u>0, 
ii = mod (tAj) 

(g) A_i(W v )® (g) A_ X (W„) (3.45) 

u>0, u<0, 

71.; 71 „■ 

u = mod (n^- ) v=—!j- mod (rij ) 

5 A(W„)® (g) A(W„)® (g) (det^) 2 , 

u>0, u<Q, tj<0, 

TLj 71 j n j 

v=—ij- mod (rij ) v=—ij- mod (rij ) v=—ij- mod (rij ) 



(s(U 2 ,L 2 )' ® L' 2: {r' s /r' e ) ® id) = S(TY, K x ®„ >0 (det A^) -1 ) 

® (g) A ±1 (K)8> (g) A_i(W„)® (g) A_ x (Wg 

u>0, u>0, u<0, 

v = —ij- mod (rij ) v= —ij- mod (rij ) v = —rj- mod (rij ) 

A(W V )® (g) A(W„)® (g) (detwg 2 . (3.46) 

u>0, v<0, v<0, 

rij rij rij 

v=—?j- mod (rij ) u— mod (rij ) v— mod (rij ) 

Now we compare the Z2-gradings in (|3.45p and (|3.46p . Set (compare with 
11(4.20)]) 



A(nj,N)= ^2 ^2 dhaN v + o[N(nj) 

¥-<v'<m 0<v > v = v ' mod i n i) 



2 



] ) _2_ I ' 

2 



(3.47) 



A( nj ,V)= Yj Yl 4hnV v + o[y(nj)% 

— <v' <rij 0<v, v=v' mod (rij) 

A( nj ,W)= dimW v , 

v<0, v=-4- mod (rij) 

with o(N(rij)\) (resp. o(V(rij)^kj) equals or 1, depending on whether the 

given orientation on N(rij)^ l - (resp. V(iij)n j ) agrees or disagrees with the 

T T 
complex orientation of (B v>0>v ^ mod(nj) N v (resp. ® v>0>v ^ mod{nj) V v ). 

As explained in |15|, pp. 166], for the Z2-gradings induced by t s , the differ- 
ences of the Z 2 -gradings of ([3^5]) and (IQ6D are both (_i)AK,7V)+A(n J ,w). for 
the Z2-gradings induced by r e , the difference of the Z2-gradings of (|3.45|) (resp. 

([MP ) is (-l)AK-iV)+A(^,V) + A(n, )W ) (resp . ( _ 1) A(«i,A0+o(V(n J -)* /2 )+A(^,W0 } _ 
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Lemma 3.6 (Compare with [14, Lemma 4.3]) Let us write 



v 

(g) (detiV,)- 1 »(g)(det^)l 



L%) x = L[®(g)(detN v ) [n i V * +{p 1)v+1 ®(g)(detV v ) 

v>0 v>0 



u<0 
»;>0 

\2 



detW„® (£) (detPF v ) , 

ij>0, v<0, 

71 '7 

V=-£- mod(rij) 

(detiV^)- 1 ®(g)(det^) 



L(/3 j ) 2 = L' 2 ®(g)(detAyM +(p 1KK ®(g)(dety 

i)>0 f>0 



t;<0 

V>0 



(g) (det w v y 



det W„ <g> (X) (det W 



,) 2 



v>0, v<0, 

v = modfn,- ) 71 j 

J v— mod 



Then L(f3j)\ and L((3j)2 can be extended naturally to G y x S 1 -equivariant com- 
plex line bundles over M(nj) which we will still denote by L(/3j)i and L((3j)2 
respectively. 

Proof We introduce the following line bundle over M(nj), 

W{Pj)= ® (det(iV(n,),)®det(y(^)J 

0<v< nj /2 (3.48) 

o \ — u)(v)— r(rij )v 

(8) (det{W{ nj ) v ) <g> det(W( nj ) n ^ v )y * 

where as in |15|. (4.35)] we write [^v] = ^-v — . 

As in pH (4.38)] and O (4.28)], Lemma [33] implies that L w (/3 3 -) 1/nj ' is 
well-defined over M(rij). Direct calculation shows that 

L(/3j)i = L _(p -i)-^ ® Wtf^ (g) det(W(^) v ) (det(W^K )) 2 



2 



0<v<^- 



(det(W( nj ) v ) ® det(W(n j )n,-,)) 2 , 



Km<^4- rn—\<^-v<m 
- - 2 2 nj 
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L(Pj) 2 =L (P 1} (g) det(W(n j ) v )0(det(W(n j )^)) 2 

ha ^ 
0<-u<-J- 

® ® ® ((det(W^J®det(Ty(n j ) nj _,)) 2 ®det(17(^)j) . 

Km<-^- m— i<— J -v<m 

- - 2 2 nj 

The proof of Lemma 13.61 is completed. 

To simplify the notations, we introduce the following locally constant func- 
tions on F (compare with (4.45)], [HI (4.30)]), 

e 1 w = ~\Y.^ W -y (([&*] +(P- l »([% v } +(P-1)« + 1) 

" + (P " (2(.gt'] + (P - 1)«) + 1)) 

J ' J (3.49) 

- 2 E( dim ^) ■ " (P " !)«) ([-^«] " (P " 1)* + !) 

+ (^+(p-i»(2([-^]-(p-iH + i)) , 

£ w = E( dim ^) • (([^ + 3] + (P " !) w ) 2 

-2(^ + (p-l)t;)([a u+ i] + (p_i) 1 
-i^(dim^).(([-^+i]-(p-l),) 2 

+ 2(a t , + (p-i) t ,)([-a u + i]_( p _i) 1 

ei = i J^dimiV, -dimK)(([g«] + (p- 1)«) ([{£«] + (p- l)v + l) 

-(^ + (p-l)u)(2([^«] +(p-l)v) + 1)) , (3.51) 

£ 2 = \ E( dimiV -) • ((.^'J + (P " 1» + (P " 1)« + 1) 

-(% v + (p-l)v){2([%v]+(p -1)«)+1)) 
-i^(dimK)-(([^ + i]+(p-lH 2 

-2(^ + (p-l»([^ + i]+(p-l») . 
As in [14, (2.23)], for < j < J , we set 

e(p, ft, JV) = i ^(dim Ag • ( [a v ] + (p _ !)„) ([£i w ] +(p _ !)„ + 1) , 

v>0 

d'( P ,Pj,N) = ^(dimiV,) • ([%v] + (p-l)v) . (3.53) 



(3.50) 



(3.52) 



?;>o 
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Then e{p,j3j,N) and d'(p, /3j,N) are locally constant functions on F. In par- 
ticular, we have 

e(p,p ,N) = i(p- l) 2 e(iV) + -(p-l)d'(N) , 

e(p,p Jo ,N) = \p 2 e{N) + ~pd'(iV) , ( 3 - 54 ) 
d'(p,pj Q ,N) = d'(p + l,p ,N) = pd'(N) . 

Proposition 3.7 (Compare with [TJ1 Proposition 4.2]) For i = 1,2, i/ie G^- 
equivariant isomorphisms of complex vector bundles over F induced by Propo- 
sition^ and §3Mb - $3Mb . 

ra : S(TY, K x ® v>0 (det iV,)- 1 ) ® (K w ® K^) 1 ' 2 
® T pd -i(X) ® F^ ® Q(W) 

®Q W {Pj)®HPj)i® ® Sym^o) , 

*J>0, 
u = mod (ra^ ) 

r i2 : 5(TY, K x ® v>0 (det^)" 1 ) ® ® i^) 1/2 
® T p ,j{X)®Flr ®Q{W) 
— >• S(Ui, U)' ® (K w ® K^) 1 ' 2 ® ® fy{pj) 

® Qw(Pj) ® ® ® (Sym (JV Bl0 ) ® det 2V„ 



u>0, 
■u = mod (rij ) 



have the following properties: 
(i) fori = 1,2, 7 = 1,2, 



* 7 v n 



(^ + (p-l))jff + e*y , 



(3.55) 



where are given by 

en =ei + e]y + 2e 2 w - e{p, Pj-i,N) , 
£i2 = £i + eiy + l^w ~ e (P> Pji N ) ■ 

(ii) for i = 1,2, 7 = 1,2, 

r^Ver^ = (-l) Ml r e , r" 1 ^^ = (-l) M3 r s 
-i 
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(3.56) 



<nr !7 = (-l)^r! 



(3.57) 
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where fa are given by 

Ml = -^2(dimV v )[^-v] + A(n j ,N) + A(n ji V) + A(n jt W) mod (2), 
jU2 = -^(dimK)- [%-v + \] + A( nj ,N) 

+ o{V(nj)%) + A( nj ,W) mod (2), 

2 

/i 3 = A(rij, N) + A(n,-, mod (2), 



^4 = ^(dim W„) • ([%L V + \) + (p- 1» 

+ £)(dimW„)- -(p-l)«) mod (2). 



t)>0 



u<0 

Proof By the proof of [141 Proposition 4.2], we need to compute the action 

A J "(W^,„). In 

P 7 P 7 
n — (p — l)v — 1><0 n + (p— 1)tjH — 1;<0 

fact, by (|3.26p . as in (|3.16p . we get 

r* 1 ■ P ■ r„ = ^ (dim.W v - i n )(-n+ (p - l)v + ?f-v) 

o<»ez+^, t>>o, 
Pi 



n—(p — l)v— -r^-v<Q 

3 



+ Y (dimW v -i')(-n-(p-l)v-^-v) (3.58) 

z — ' Tin 



0<n6Z+i, v<0, 
n + (p-l)v + ^Lv<0 



= P + (p-l + B-)J H + e 2 w . 

By O (4.36)-(4.38)] and (1338]) . we deduce the second line of (f335D . The first 
line of (|3.55p is obvious. 

Consider the Z2-gradings. By [15j (4.49)-(4.50)] and the discussion following 
(|3.47p , we get the identities in the first line of (|3.57p . Observe that t\ changes 

only on ® 0< „ ez+ i,„ >0 , AhfWv.n) ® <8> o<« e z+^<o, A l "(^, n ). From ([325]), 

p 7 ' Pi 

n— (p — l)v —v<0 n-\-(p—l)v-\ —v<0 

we get the identity in the second line of (|3.57p . 
The proof of Proposition 13.71 is completed. 

3.4 A proof of Theorem 12.81 

Lemma 3.8 (Compare with [14|, Lemmas 4.4 and 4.6]) For each connected 
component M' of Mirij), the following functions are independent on the con- 
nected components of F in M' , 



1 2 

£j + £\y + 2^14/ , i = 1, 2 , 
d'(p, /3j , N) + fii + fj,4 mod (i 

d'(p,Pj-i,N) + ^dimN v + & + fa mod (2), i = 1,2,3. 



dHp,P h N) + in+in mod (2), i = 1,2,3, , g 5Q) 



0<D 
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Proof Recall that \—v] = —v — . By using (I3.30P . we express e\ r and 

n j n j n i vv 

Eyy defined in (|3.49p - (|3.50p explicitly as follows, 
e x w =§(p - 1 + %-fe{W) + \&mW{ nj )ni 

1 ^ u(v)u(-v) ( dimW{n . )v +dimW ( n .) n ._ v ) } (3.60) 



TV- 

0<v<^- 



e 2 w = i(p- 1 + ^) 2 e(W) - | dim^n,)^ 



~5 E E (^) 2 (dimTy(n J ), ) + dimW(n J ) nj _ t) ) 

P,-l .Pi . , 1 

0<m<^L— m< ^J ,;<m +2 

? E E (^ Z ^) 2 (dimTy(n i )„+dimiy(n j ) nj _„) . (3.61) 



0<m<^f m—h< — v<m 



By using (|2.23p , (|3.60p , (I3.6ip and the explicit expressions of e, given in [T5| 
(4.56)-(4.57)], we know the functions in the first line of (|3.59p are independent 
on the connected components of F in M'. 

Now consider the functions in the rest lines of (|3.59j) . By (|2.30p . (|3.29p . 
f373T]) . (pTlTP and [14, Lemma 4.5], we get 

<f(p,Pj,N) + Hi+iH= V V dimN(n j ) v + -dimuN(n j )% 

— ^ 2 

0<m<^- 0<v<^- 
1 p„- 

+ J>im N v ) [%v + i] + ]T(dim W„) [a w + I] (3.62) 

t;>0 u>0 

+ X}(dimW' t ,) + +o(N(n j )% L )+A(nj,W) mod (2) . 



But by [HI Lemma 4.5], as w 2 (W TI) s i = 0, we know that, mod(2), 
£(dim i\y [2L V + i] + ^( dim + |] 

(3.63) 

+ ^(dimTK)[-^ + i] +0^(71^] +A( nj ,W) 

is independent on the connected components of F in M' . Thus, the indepen- 
dence on the connected components of F in M 1 of the functions in the second 
line of (|3.59p is proved, which, combining with |14l (4.42)], implies the the same 
independent property of the functions in the third line of (13,59p . 
The proof of Lemma 13.81 is completed. 

By (|3.33p - (|3.38p and Lemma [3. 6 1 we know that the Dirac operator D x ( n i> (g) 
F(P j )®Fl(f3j)®>Q w (Pj)®L(Pj)i (i = 1,2) is well-defined on M(rij). Observe 
that (I2.12p in Theorem 12.11 is compatible with the G y action. Thus, by using 
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Proposition 13.71 Lemma 13.81 and applying Theorem 12. II to each connected com- 
ponent of M(rij) separately, we deduce that for i = 1, 2, 1 < j < Jq, m G ^Z, 
h € Z, r = r e i or r s i, 

®i*y® Q(W),m + e(p,/3j_i,./V),/i) 
= ^(-i)d'(fA-i^)+E„>odim^+, 1 IndT ^K) (g ® i^- 1 ) 1 / 2 (8) 

p 

® F^{Pj) ® QwKft') ® L{pj)i,m + ei + e l w + 2e 2 w + (Si + (p _ l))^ 
= ^(-l) d '(PA^)+E,>odtai^ tDdJi^- ® ® ^x 1 ) 172 ® ^pjPO 

®i4®Q(W0,m + e(p,/3,,iV),^ , (3.64) 

where means the sum over all the connected components of M(nj). In 
(|3.64p . if r = T gl , then /i = ^3 + /i4; if r = r e i, then fj, = fa + /X4. Combining 
with (13331) . we get fl23HD- 
The proof of Theorem 12.81 is completed. 
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